We analyse the distributions of the number of goals scored by home teams, away teams, and the total scored in the match, in domestic football games from 169 countries between 1999 and 2001. The probability density functions (PDFs) of goals scored cannot be fitted over their entire ranges by Poisson or negative binomial distributions; here, we compare the PDFs with those arising from extremal statistics. In addition, we show that it is sufficient to model English top division and FA Cup matches in the seasons of 1970/71 to 2000/01 on Poisson or negative binomial distributions, as reported in analyses of earlier seasons, and that these are not consistent with extremal statistics.
Introduction
Few authors have considered football scores from a statistical point of view. Moroney [1] showed that the numbers of goals scored by individual teams, and the total goal scores, were well described by a "modification of the Poisson"; Reep et al. [2] later identify this as the negative binomial distribution, and found similar results for other ball games. Maher [3] then pointed out that a negative binomial distribution may arise from the aggregate of Poisson-distributed scores with a different mean for each team. The short-term predictability of results has subsequently been modelled using independent Poisson distributions with means dependent on teams' past performances [4, 5] ; an improved model [6] includes the scoring-rate dependence on both time and the current score.
Other aspects of the game have been examined including the effects of certain conditions on the scores -see [7] for a review. Seeking a broader understanding, it has been suggested [8] 2 The probability density function (PDF)
The first step in our analysis of each data set is the construction of its PDF. The PDF P (x) of a variable X is defined such that the probability that X lies within a small interval dx centred on X = x, is equal to
Here, x takes the integer values of goals scored (x min = 0 and x max is the maximum number of goals scored in the sample of matches) so Eq. 1 becomes xmax x min P (x) = 1. We further normalise each PDF to the sample mean µ and standard deviation σ to enable comparison with extremal distributions (see Sect. 3).
The Poisson distribution is defined by (2) where I (0,1,...) (x) ensures that P (x) = 0 for non-integer x. In the Poisson PDF µ = σ 2 ; for data to be wellfitted by this distribution we require µ ≈ σ 2 . It is explained in [1, 2] that this condition does not hold for football goals because a constant probability per unit time of scoring a goal is not a valid assumption. Instead, a compound Poisson or negative binomial distribution is used, defined by
where x is the number of goals scored with probability q per goal before r "failed goals" (probability p = 1 − q) have occured. The negative binomial PDF has µ = r(1 − p)/p and σ 2 = r(1 − p)/p 2 ; fitting to data thus requires µ/σ 2 = p ≤ 1 and µp/(1−p) = r where we round r to the nearest integer.
Extremal statistics
Our data analysis presented in Sect. 4 ( Figs. 1 to 3) shows that the tails of the PDFs of goal scores in the domestic matches clearly deviate from both the Poisson and the negative binomial distributions. Here, we compare the PDFs of the data with those arising from extremal statistics. The two limiting distributions of interest are "Gumbel's asymptote" and Fréchet [11] [12] [13] . In outline, the limiting distributions result from selecting the maximum value x max from each of a large number of large samples whose individual members are drawn from a distribution P (x). When P (x) decreases more rapidly than any powerlaw (as x → ∞), "Gumbel's asymptote" has the form
where in the limit of an infinite number of measurements a ≡ 1; the constants K, b, and s are fixed by normalisation as in Sect. 2 (see [14, 15] ). Selecting the second largest values from the same large samples produces a PDF of the same functional form as Eq. 3 but with a ≡ 2.
Fréchet distributions P F (x max ) arise in the same manner when the underlying PDF P (x) is power-law. Mathematically, P F (x max ) can be defined by Eq. 3 but with u = α + β ln(1 + x/G), where K, α, and G are again fixed by normalisation, and β = (1 − a) −1 [15] . These curves exist for a > 1.
Results
As discussed in Sect. 1, the Poisson distribution has been demonstrated to be inferior to the negative binomial when modelling football scores; only where this is not the case do we include a Poisson fit. In Fig. 1 we show the PDFs of home team scores with their respective negative binomial PDFs (fitted to µ and σ) along with the best-fit extremal distribution (see Sect. 3) for the domestic matches. While the league scores follow a negative binomial PDF, it is clear that the domestic scores are better described by a Fréchet distribution beyond about µ + 3σ (a home score of about 6 goals). Although the Cup scores are suggestive of some departure from a negative binomial PDF, we cannot quantify the functional form of this tail. Counting errors caused by binning a finite dataset are omitted from our figures for the purpose of clarity; typical sizes of counting errors are indicated by fluctuations around a smooth trend and become apparent in the final few bins.
We plot the away team scores in Fig. 2 . Again, the domestic scores are consistent with a Fréchet distribution above µ + 4σ (an away score of about 6 goals) whereas negative binomial PDFs suffice for the league and Cup scores if the last few points are discounted as explained above. The total goal scores with fitted negative binomial PDFs are plotted in Fig. 3 . Here we find that the domestic scores are consistent with a Gumbel distribution (see Sect. 3) above µ + 3σ (9 goals), and that the league scores are more suggestive of a Poisson than a negative binomial PDF.
We also find that both the English data and the worldwide domestic results show a mean goal difference (home score minus away score) of 0.51, an aggregate home advantage (see [16] ), and a bias towards uneven scores as the total score rises is evident in the larger domestic dataset; these trends are well-known in the world of football.
It is important to note that the observation of a departure from negative binomial distributions is not the result of a larger dataset for domestic matches. Whilst more rare events are observed in a larger sample and the distribution extends to higher values with lower probabilities, it is nevertheless possible to distinguish between the different distributions in Figs. 1 to 3 without considering these extreme values. We have looked briefly at other individual countries and find similar trends to those shown for English matches.
Conclusions
We have shown that the distributions of the numbers of goals scored by home and away teams, and the total goals, in domestic football matches between 1999 and 2001, cannot be fitted over their entire ranges by Poisson or negative binomial distributions. Instead, we find that these goal scores are well-modelled by PDFs arising from extremal statistics. In addition, using English top division and FA Cup matches in the seasons of 1970/71 to 2000/01, we confirm the Poisson or negative binomial nature of English scores as reported in analyses of earlier football seasons. It would be interesting to establish whether extremal distributions can arise from the sum of negative binomial PDFs of differing µ and σ. To conclude with some practical information for football fans, the implication of the fitted distributions in Fig. 3 is that a total goal score above 10 occurs approximately once in 10, 000 English top division matches (once every 30 years) but in worldwide domestic matches such a score is seen once in 300 games which amounts to about once every day! Fig. 3 . PDFs of total goals scored, normalised with respect to µ and σ, showing how domestic matches are more closely fitted by a Gumbel distribution than by a negative binomial. Coincident curves are plotted as a single line as indicated in the legend. Domestic µ = 2.9, σ = 1.9; league µ = 2.6, σ = 1.7; Cup µ = 2.8, σ = 1.8.
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